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Problem 4. Let ABC be an isosceles triangle with AC = BC and ZACB < 60°. We denote the
incenter and circumcenter by I and O, respectively. The circumeirele of triangle BIO intersects the leg
BC also ot point D # B

(a) Prove that the lines AC and DI are parallel,
(b) Prove that the lines OD and IB are mutually perpen dicular.
(Walther Janous)
Solution. Note that the condition ZACB < 60° guarentees that O lies between I and C,
a) We denote the angles of triangle ABC by a = ZBAC, 8= ZABC and v = ZACB. Let K and
K be the cireumcircles of ABC and BIO, respectively. The inscribed angle theorem for circle K yields

ZBOC = 2a. Therefore we have ZIOB = 180° —2a and because of a = 5 we obtain ZIOB = .
Furthermore the inseribed angle theorem for circle k gives ZIDB = 5, whence finally 1D || AC.
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Problem 4. A police emergency number is a positive integer that ends with the digits 133 in decimal
representation. Prove that every police emergency number has a prime factor larger than 7.
(In Austria, 133 is the emergency number of the police.)
(Robert Geretschliger)

Solution. Let n = 1000k +133 be a police emergency mumber and assume that all its prime divisors are at
most 7. It is clear from the last digit that n is odd and that nis not divisible by 5, so 1000k +133 = 3°7"
for suitable integers a, b > 0.

Thus 3°7" = 133 (mod 1000),

This also implies 3°7 = 133 =5 (mod 8). We know that 3% is congruent to 1 or 3 modulo 8 and 7
is congruent to 1 or 7 modulo 8. In order for the product 3°7" to be congruent to 5 modulo 8, 3* must
therefore be congruent to 3 and 7 must be congruent to 7. We therefore conclude that a and b are both
odd

We also have 3°7" = 133 = 3 (mod 5). As a and b are odd, 3% and 7% are each congruent to 3 or 2
modulo 5. Neither 3%, 2% nor 3- 2 is congruent to 3 modulo 5, a contradiction

(Clemens Heuberger) O
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Problem 5. Let ABC be an acute triangle. Let H denote its orthocenter and D, E and F the fect of
its altitudes from A, B and C, respectively. Let the common point of DF and the altitude through B
be P. The line perpendicular to BC through P intersects AB in Q. Furthermore, EQ intersects the
altitude through Ain N.
Prove that N is the mid-point of AH.
(Karl Czakler)

Solution. See Figure 1. As usual, let § = ZABC and 7 = ZACB. Since we know that ZAFH =

c

Figure 1: Problem 5

ZAEH = 90° holds, the quadrilateral AFHE is cyclic, and because DA is parallel to PQ we obtain
/FQP = ZFAH = /FEH = LFEP.

1t follows that QFPE is also cyclic. Since ZAFC = ZADC = 90°, AFDC is also cyclic, and we
have ZQFP = ZAFD = 180° — ZACD = 180° — 7. We therefore have ZQEP = 7. From this,
we obtain ZEAN = 90° —y = ZAEP — ZQEP = ZAEN, which shows us that triangle ANE is
isosceles. It therefore follows that V is the circumcenter of the right triangle AHE, and we therefore
have NA = NH, as claimed.

(Karl Czakler) O
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Problem 3. Anton chooses as starting number an integer n > 0 which is not o square. Berta adds to
this number its successor n+ 1. If this sum is a perfect square, she has won. Otheruise, Anton adds to
this sum, the subsequent number n+2. If this sum is a perfect square, he has won, Otheruise, it is again
Berta’s turn and she adds the subsequent number n+ 3, and so on.

Prove that there are infinitely many starting numbers, leading to Anton’s win
(Richard Henner)

Solution. We will prove that Anton wins for the infinity of starting numbers 322 — 1 with z > 1.

Since 3r2 — 1 = 2mod 3, it cannot be a perfect square. Afier Berta adds the subsequent integer
322 the sum 627 — 1is also = 2mod 3 and consequently not a perfect square. Now Anton adds the
subsequent mumber 322 + 1 and obtains the perfect square 9% Therefore, Anton has won and we have

found an infinity of possible starting numbers
(Richard Henner) O
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Problem 2. Let x, y and = be positive real numbers with z +y + =
Prove that at least one of the three numbers

H(r+y-z), yYly+z-x) or z(ztz-y)

is less or equal 1
(Karl Czakler)

Solution. Since the three expressions are eyclic, we may w. 1. 0. g. assume that z >y, 2. Consequently
we have z > =5 = 1. We now show that a = y(y + 2 — y(3 — 2) satisfies a < 1,

o Casca): Ford<z<3clealya<0<l

o Caseb): For1< <3 the factor 3— 2z is positive. Therefore a < x(3 - 2z). Hence it suffices
to prove x(3 — 2r) < 1, which is equivalent to 22% =3z +1 >0, i, e. (2 — 1)(z — 1) > 0.

This completes the praof,
(Walther Janous) O
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‘Solution. We denote the wumbers in the fields of the figure by the following vasiables:

of equations:

(u
@
®
@
®

Sroshe ©
adbbcrdbes tghhbizli2e 4= It

By addin the equatons (1)-(4) and subtractin (5) aud (6), we achieve 4a = 2, . a = 3. To this we

now add (5) and (6) and i, (7) we gt

SHssmatbbctdbet [hgthai=d
“This eans s = 18 and a = 9. Equatons (1)-(6) now take the form
biferg=dih=cs ®
brctdies[+gthi o

From (8) i follows that ({5, /). .9} {d. ). {e.)) = ({18}, (2.7}, (3.6}, {4,5))
1w search for solutions satistying (6,1} = (18], {e.9) = (7). {d,h] = (3.6}, fe.i} = (4.5}, we
see that equation (9) can b fulfiled neiher with b = 1, ¢ = 2 nor vith 7

From these consilerations we get. the solutions (a.b,c.coe,f.guhd) = (9.1,7,6,48.2,3,5) and
(0.5.2,3,5,1.7.6,4). For instance we have the folloving labeling:

‘We have already shown that a = 9. Every other labelling can be obtained by interchanging (b.c.d. ) and
(J.g.1.7) (2 possbiltcs) and independently permuting (- ). (). (d.4) and (c.1) (24 possibilitic).
Soin total there exist 45 possibe labellings.

(Gerhard Kirchner) O
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Problem 3. There are n children in a room. Each child has ot least one picce of candy. In Round 1
Round 2, ctc., additional picces of candy are distributed among the children according to the following
rule:

In Round k, cach child whose number of picces of candy is relatively prime to k receives an additional

pi

Show that after o sufficient number of rounds the children in the room have at most two different

numbers of picces of candy
(Theresia Eisenkolbl)

Solution. We abserve that a child that has & — 1 or k+ 1 pieces of candy at the start of Round & will
receive an additional piece because of ged(k,k+1) = 1 and be in the same situation in the next round.
Furthermore, in each round, the number of the round will increase by 1 and the number of pieces of
each child will increase by 0 or by 1. Therefore, for each child, the difference of pieces and the round
number is positive or zero at the start and after each round will either remain equal or drop by 1. Since
we have already seen that the difference is stable at 1, it cannot drop below 1.

Therefore, it remains to show that the difference +1 and —1 are the only ones that can stay constant
forever which will prove that for each child the number of picces of candy will eventually drop to k — 1
or k+1,

If the difference is 0. the child has k pieces of candy. For k = 1, the child receives a piece, but
receives nothing in the following round, so the difference drops to ~1 after two steps. For k > 1, the
child immediately receives nothing and the difference drops to —1.

If the difference d is bigger than 1, then there must occur a round with a mumber divisible by d after
at most d steps. Either the difference already drops before this round or this d will be a common divisor
of round mumber and candy piece number, therefore the difference will drop by 1 after at most d steps

This proves that after suficiently long time all children will have k — Lor k + 1 pieces of candy at
the start of Round & and all of them will receive one additional piece during each round forever afier.

(Theresia Eisenkilbl) O
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Problem 2. Let ABC be an acute-angled triangle with AC < AB and cireumradius R. Furthermore,
let D be the foot of the altitude from A on BC and let T denote the point on the line AD such that
AT = 2R holds with D lying between A and T. Finally, let S denote the mid-point of the arc BC on the
circumcircle that does not include A

Prove: ZAST = 90°.
(Karl Czakler)

Solution. As usual, we denote the angles ZBAC, ZABC and BCA by a, § and 7, respectively. The
center of the cireumeircle is denoted by O, see Figure 1
By assumption, we have 3 < 7. Let £ be the point on the circumcircle of ABC diametrically
opposite to A,
By the inscribed angle theorem, we have ZAOB = 2y. By definition, S is the intersection of the
angular bisector of ZCAB and the circumeirele. We note that
a

ZEAS = ZBAS ~ ZBAO = '21 - %(mn" - 240B) =5 - %(mo" —2y)= '5' - 90—

Since we also have

zsn:zsm:fznngf(. 74/1017):%”79«‘/’
it therefore follows that ZEAS = ZTAS holds. Since we also have AE = AT = 2R, triangles ASE and
AST are congruent, and therefore ZAST = ZASE follows. Since AE is a diameter of the cireumcircle

we have ZASE = 90°, and the claim is proven
(Robert Gervtschliger) O
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Problem 1. Determine the largest constant C such that
(@1 + @2+t 26)? 2 C - (21(22 + 33) + 2ol + 70) + -+ + 7671 + 72))

holds for all real numbers z,, z, ..., 7.
For this C, determine all 1, s, ..., g such that equality holds.
(Walther Janous)

Solution. We rewrite the right-hand side
T1Ty + T1T3 + TaTy + ToTy + T3Ty + TaTs + TaTs + TyTe + Tzl + T1T5 + TiT + TaTe
as

(@ + 2a) (w2 + @5) + (22 + 25) (w3 + 6) + (3 + 26) (21 + 7).
Using the substitution X = 1 + x4, ¥ = 2 + 23 and Z = 25 + z, the inequality reads

(X+Y+2)>C (XY +YZ +ZX),

where X, ¥ and Z are arbitrary real numbers.
For X =Y =2Z=1weget9>3C, ie, C<3.
We now prove that
(X +Y +2)* > 3(XY +YZ + ZX).
Expanding yields
X 4Y?+ 22> XY +YZ + ZX.
This is equivalent to
(X=YP24+(Y -2+ (Z-X)?20

with equality for X —Y =Y —Z=Z - X =0,ie, X =Y = Z, thus 2 + 24 = 22 + 75 = 73+ 76.
(Walther Janous) O
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Problem 3. Let n > 3 be a fized integer. The numbers 1,2.3,....n are written on a board. In every
move one chooses two numbers and replaces them by their arithmetic mean. This is done until only o
single number remains on the boar.
Determine the least integer that can be reached af the end by o appropriate sequence of moves
(Theresia Eisenkolbl)

Solution. The answer is 2 for every n. Surely we cannot reach an integer less than 2 since 1 appears
only once and produces an arithmetic mean greater than 1, as soon as it is used
On the other hand, we can prove by induction on k that the mumber a + 1 can be reached from the

numbers , a+ 1, ... a+k by a sequence of permitted moves,
For k =2 one replaces a and a+2 by a+ 1 and afterwards a+ 1 and a+ 1 by a single a + 1
For the induction step k — k+ 1 one replaces a+ 1, ..., a+k+1by a+ 2 and afterwards a and
a+2bya+1

In particular with a = 1 and k= n — 1 one achieves the desired result

(Theresia Eisenkilbl) O
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Problem 2. We are given an acute triangle ABC with AB > AC and orthocenter H. The point E lies
symmetric to C with respect to the altitude AH. Let F be the intersection of the lines EH and AC.
Prove that the circumeenter of the triangle AEF lics on the line AB.

(Karl Czakler)

Solution. See Figure 1.
Let 6 be the angle between AF and the tangent  at A to the circumcircle of AEF. By the inscribed
angle theorem, we have ZFEA = 6. Due to the reflection, we have ZACH = ZFEA = . Because of
ZACH =0, the tangent { is parallel to CH and thus orthogonal to AB. Therefore, the cireumcenter of
the triangle AEF lies on AB.
Comment: This result also holds for obtuse triangles.

(Konstantin Mark, Clemens Heuberger) O

Figure 1: Problem 2
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Problem 1. Leta, b and ¢ denote positive real numbers. Prove that

ais

Loy da
b a+h

When does equality hold?
(Walther Janous)

Solution. (Gerhard Kirchner) Multiplication by be and completing squares yields

Equality holds if a = b and ¢ = 22
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Problem 5. Let I be the incenter of triangle ABC' and let k be a cirde through the points A and B.
This circle intersects

o the line AL in points A and P,
o the line BI in points B and Q
o the line AC in points A and R and
o the line BC in points B md S,

with none of the points A, B, P, Q, R wnd § coinciding and such that R and S are interior points of
the line segments AC' and BC, respectively.
Prove that the lines PS, QR and CI meet in a single point
(Stephan Wagner)

Figure 3 Problem 5

Solution. We define angles a = ZBAC and § = ZCBA as usnal, cf. Figure 3. Since poinis A, B, S and
R lic on a common circle, we have ZBSR = 180° — o, and therefore ZRSC = o Similarly, ZCRS = 3
also holds,

If P lies in the interior of ABC, we have ZRSP = ZRAP = /2. This means that PS bisccts the
angle ZCSR.

It Q is ouiside of ABC, we have ZQRA = ZQBA = /2, and in this case QR also bisects the angle
ZSRC.

Independent of the positioning of Q and R with respect to the triangle, we therefore see that QR,
PS and CI are the bisectors of the interior angles of CRS, and they therefore meet in the incenter of
this triangle, as claimed.
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Problem 4. Let a, b, ¢ > —1 be real numbers with a* + 1 + ¢ = 1. Prove that
atbtcrad+b 4+ <4
When does equality hold?
(Karl Czakler)
Solution. We note that
l-z-2?+2%=(1-2)*(1+12) >0 (1)

holds for all real numbers z > ~1. Here, equality holds iff = = £1.
Thus we have z + 2? < 1+ z* for = = a, b, c and therefore

ata+b+P et <14a® + 140 414+ =3+1=4.

As equality in (4) holds for =1 and the sum of the cubes equals 1, equality in the original inequality
holds iff (r,y, 2) is a permutation of (1,1, ~1).
(Theresia Eisenkilbl) O
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Problem 1. Let a, b, c be integers with a® + b + ¢ divisible by 18. Prove that abe is divisible by 6
(Karl Czakler)

Solution. We need to prove that abe is divisible by 2 and by 3. We will give proofs by contradiction.
Suppose that abe s odd. This implies that a, b and ¢ are odd. Therefore, a* + b + ¢* is odd and
certainly not divisible by 18, This contradiction shows that abe is even
Suppose that abe is not divisible by 3. Then neither a, b nor c s divisible by 3, i.e. they are in
(possibly distinct) congruence elasses among the following congruence classes mod 9.

1] 2 [4]-a]-2]-1
T[-T|1[-1] 1 |-1

We conclude that a® + 5 + ¢ is equal to —3, —1, 1 or 3 mod 9. Therefore, a +b* + c* is not divisible
9 and consequently not by 18, This contradiction shows that abe is divisible by 3.
(Gerhard Kirchner) O
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Problem 2. Let ABCDE be a regular pentagon with center M. A point P # M is chosen on the line
segment MD. The circumcircle of ABP intersects the line segment AE in A and Q and the line through
P perpendicular to CD in P and R.
Prove that AR and QR are of the same length.
(Stephan Wagner)

Solution. Let S denote the common point of RP and AE, sce Figure 1. Since we are given a regular
pentagon, the angles in triangle ABE are well known as ZBAE = 108 and ZABE = ZAEB = 36°.
Since BE and CD are parallel, RP is perpendicular to BE, and we therefore have ZASP = 126° and
ZQSP =51° = ZASR. From this,

ZSPA=50°— ZSAP = ZPAB - 54° = ZPBA - 51° = 126° — ZAQP = 126° — ZSQP = ZSPQ

follows, since ABPQ is inscribed. We therefore see that SP (or RP) bisects the angle ZAPQ, which
implies that AR and QR must be of equal length, as claimed.
(Stephan Wagner) O
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Problem 6. Maz has 2015 jars labelled with the numbers 1 to 2015 and an unlimited supply of coins
Consider the following starting configurations

(a) All jars are empty
(b) Jar 1 contains 1 coin, jar 2 contains 2 coins, and so on, up to jar 2015 which contains 2015 coins

(c) Jar 1 contains 2015 coins, jar 2 contains 2014 coins, and so on, up to jar 2015 which contains 1
coin.

Now Maz selects in each step a number n from 1 to 2015 and adds n coins to each jar except to the
jarn.
Determine for cach starting configurations in (a), (1), (c), if Maz can use a finite, strictly positive
number of steps to obtain an equal number of coins in each jar
(Birgit Vera Schmidt)

Solution. Max can achieve his goal in all three cases by the procedures described below
Let N =2015 be the number of jars

(a) Let Max sclect jar j exactly (V1/j) times. Then jar j will contain
Nt
k=1
=1

coins which does not depend on j as desired and has clearly needed at least one step
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Problem 2. Let k be a circle with radius r and AB a chord of k such that AB > r. Furthermore, let
S be the point on the chord AB satisfying AS = r. The perpendicular biscctor of BS intersects k in the
points C and D. The line through D and S interseets k for a second time in point E
Show that the triangle CSE is equilateral,
(Stefan Leapoldseder)

Solution. In the first part we prove CS = CE, afterwards we will prove ZSCE = 60"
Since €' and D lie on the symmedian of BS, CBDS is a kite with

CS=CB  and  ZCDB=/SDC = ZEDC.

The line segments CB and CE therefore have equal length (equal inscribed angles at D). Hence, we
have shown that CS = CB = CE. Farthermore there exists a circle ki with C containing E. S and B.

D

DAY

The triangle ESA is isosceles with base ES, because it is similar to the isosceles triangle BSD with
base BS (£SEA = ZDEA = ZDBA = /DBS and ZEAS = ZEAB = ZEDB = ZSDB follow from
the inscribed angle theorem in k). We therefore have AE = AS = r, that is, the length of the chord AE
is equal to the radins r of the cirele k. The central angle for the chord AE is therefore 60°, the inscribed
angle ZABE is 60/2 = 30°. But now ZSBE = ZABE = 30° is an inscribed angle in ky for the chord
SE. hence the central angle is ZSCE =230 = 60°

(Stefan Leopoldseder) O
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Problem 4. Find all pairs (a,b) of non-negative integers such that
2017 =15~ 32+ 1.

(Walther Janous)

Solution. Answer: The two solutions are (0,0) and (0,2).

Since 20174 is always odd, b must be even, so b = 2¢, ¢ integer. Therefore, 2017¢ = 64(c® — ¢) + 1 and
thus 2017* = 1 (mod 64). But we find 2017 = 33 (mod 64) and 2017 = (1+32)* = 1+2.32+322 =1
(mod 64), so that the powers of 2017 modulo 64 alternate between 1 and 33. Therefore,  is even and
2017 is a perfect square. We denote the polynomial on the right-hand side of the given equation by
(B) = b — 325+ 1 and show that it lies between two consecutive squares for b > 4:

Let b > 4. We have r(b) < 8 = (5*)? for b > 0. On the other hand, r(b) > (5* — 1)? because
19— 32b+1> 1~ 2 +1 & b > 4. Since the square 2017° is now between two consecutive squares,
there are no solutions in this case.

Since b is even, it remains to check b=4,b=2 and b=0.

For b= 4, we regard the equation modulo 3 and get 1 = 12+ 1 =0, therefore, there is no solution
in this case.

For b=2, we get 2017% = 2° — 2° 1 1, s0 we get the solution (a,5) = (0,2).

For b= 0, we get 2017% = 1, so we get the solution (a,5) = (0,0).

Therefore, (0,0) and (0,2) are the only solutions.

(Walther Janous) O
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Problem 4. Let ABC be an isosceles triangle with AC = BC and ZACB < 60°. We denote the
incenter and circumcenter by I and O, respectively. The circumeirele of triangle BIO intersects the leg
BC also ot point D # B

(a) Prove that the lines AC and DI are parallel
(b) Prove that the lines OD and IB are mutually perpen dicular.
(Walther Janous)
Solution. Note that the condition ZACB < 60° guarentees that O lies between I and C,
a) We denote the angles of triangle ABC by a = ZBAC, 8= ZABC and v = ZACB. Let K and
K be the cireumcircles of ABC and BIO, respectively. The inscribed angle theorem for circle K yields

ZBOC = 2a. Therefore we have ZIOB = 180° —2a and because of a = 5 we obtain ZIOB = 7.
Furthermore the inseribed angle theorem for circle k gives ZIDB =5, whence finally 1D || AC.

b) We denote the point of intersection of lines OD by F and IB and the midpoint of AB by G,
Sinee JODB is cyclic, we have ZI0D = 180° —3/2, that is ZDOC = /2 or equivalently ZFOI = 5/2.
Furthermore ZGIB = 90° /2 implies ZOIF = 90° (/2. Therefore ZIFO = 90°.

(Richard Henner) O
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Problem 2. Let x, y be positive real numbers with vy = 4

Prove that N L

EEERETEEE S

For which  and y does equality hold?
(Walther Janous)

Solution. Clearing denominators, we obtain the equivalent inequality
545y +30 < 22y + 6z + 6y + 18,

which simplifies to z +y > 12— 2zy = 4 This inequality is a direct consequence of the AM-GM
inequality

o+
2

Equality holds exactly for =

(Waither Janous) O
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Problem 3. Alice and Bob play a game with a siring of 2015 pearls
In each move, one player cuts the string between two pearls and the other player chooses one of the
resulting parts of the siring while the other part is discarded,
In the first move, Alice cuts the siring, thereafter, the players take tums,
A player loses if he or she obtains a string with a single pearl such that no more cut is possible.
Who of the two players does have a winning sirategy?
(Theresia Eisenkolbl)

Solution. We claim that the winning situations are exactly the strings of an even number of pearls. We
prove this claim by induction

A string with one pearl is a losing situation by definition

A string with an even number n of pearls can easily be cut into two odd parts. These parts are a
losing situation for the other player by induction, so that n is a winning situation.

For an odd number of pearls, each cut produces an even part. The other player can thus choose this

even part, which is a winning situation by induction. Therefore, the odd number n is a losing position,
We conclude that Bob has a winning strategy.
(Theresia Bisenkilhl) O
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Problem 4. Let ky and ky be internally tangent circles with common point X. Let P be a point lying
neither on one of the two circles nor on the line through the two centers. Let Ny be the point on ky
dosest to P and Fy the point on ky that is farthest from P. Analogously, let Ny be the point on ky closest
to P and Fy the point on ky that is farthest from P,

Prove that ZNy XN = ZFLXFy

(Robert Gereischliger)

Solution. The line segment NyF} is a diameter of ki passing through P. Similarly, NoFy s a diameter
of ky passing through P,

Due to Thales's theorem, we have ZNi XFy =90° and ZN; X F> = 90°
Letting ZNoX Fi = a. we obiain

LNXNy=90°—a  ad LR XF=9°—a,

which proves the equality of the angles

Figure 1: Problem 4

(Karl Czakler) O
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Problem 1. Determine all positive integers k and n satisfying the equation

k2 2016 =

(Stephan Wagner)

Solution. We immediately see that n = 1 does not lead to a solution, while n = 2 yields the solution
(k) = (45,2)

We show that there is no solution with n > 3. In that case 3" is divisible by 9 and thus k2 s divisible
by O which implies that k = 3¢ for some positive integer £. Afier division by 9. the equation reads
2-924 =32 Modulo 3, this yields 2~ 2= 0 (mod 3), a contradiction because 2 is not a quadratic
residue modulo 3, (Clemens Heuberger) O
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Problem 3. On the occasion of the 4% Mathematical Olympiad 2016 the numbers §7 and 2016 are
written on the blackboard. Alice and Bob play the following game: Alice begins and in turns they choose
two numbers a and b with a > b written on the backboard, whose difference a — b is not yet written on
the blackboard and write this difference additionally on the board. The game ends when no further move
is possible. The winner is the player who made the last move.

Prove that Bob wins, no matter how they play (Richard Henner)

Solution. We consider the set B of the numbers on the blackboard at the end of the game, It is clear
that B C {1,....2016}. Let m = min B and n € B. We claim that m | n. Otherwise, write n = gm +7
with 0 < r < m. By induction on k, we have n — km € B for 0 < k < ¢ (because no more moves
are possible, these numbers must be on the blackboard). Thus r = n — gm € B, which contradicts the
minimality of m.

We conclude that m | 1= ged(2016,47) € B. By induction on £, we have n—( € B for 0 < { < 2015,
This also implies that B = {1.....2016},

As 2 numbers had been on the blackboard at the beginning of the game, the game ends after 2014
moves when all other mumbers have been written. Therefore, Bob wins after move 2014,

(Clemens Heuberger) O
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Problem 4. Let ABC be a triangle with AC > AB and circumcenter O. The tangents to the circumcircle
at A and B intersect at T. The perpendicular bisector of the side BC intersects side AC at S.

(a) Prove that the points A, B, O, S and T lic on a common circle,
(b) Prove that the line ST is parallel to the side BC.
(Karl Czakler)

Solution. Since AT and BT are perpendicular to AO and BO, the points A, B, T and O lic on a circle
Fu by Thales' theorem. By the central angle theorem we have ZAOB = 2y. Since BCS is an isoceles
triangle, we find ZBCS = ZCBS = . Now ZASB = 2, hecause an exterior angle of a triangle equals
the sum of the other two interior angles. Thus

ZASB =2y = ZAOB,

and by the inscribed angle theorem we find that the points A, B, S und O lie on a circle k. Since the
circles ky and ky have the three points A, B and O in common, we have ki = k; and the points A, B,
0,5 and T lie on a circle
Finally we have ZTSB = ZTOB =+ = ZSBC, from which it follows that ST is parallel to BC.

(Kurl Czakler) O
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Problem 3. Consider 2016 points arrnged on a circle. We are allowed to jump ahead by 2 or 3 points

in clockwise direction.
What is the minimum number of jumps required to visit all points and return to the starting point?
(Gerd Baron)

Solution. Cleaxly, it takes at least 2016 jumps to visit all points. I possible to use only jumps of
length 2 or only jumps of length 3 because this would confine us to a single residue class modulo 2 or 3,
respectively.

1If the problem could be solved with 2016 jumps, the total distance covered by these jumps would be
strictly between 2 - 2016 and 3 - 2016 which makes a return to the original point impossible. Therefore,
at least 2017 jumps are required.

This is indeed possible, for example with the following sequence of points on the circle.

0,3,6,....,2013,2015,2,5,

£2012,2014,1,4, ..., 2011,2013,0.

(Theresia Eisenkilbl) O
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Problem 2. Let a, b, ¢ and d be real numbers with a® 4+ b2 + ¢ + d* = 4.

Prove that the inequality
(a+2)(b+2) > ed

holds and give four numbers a, b, ¢ and d such that equality holds (Walther Janous)
Solution. The affirmed inequality is equivalent to 2ab+ 4a + 4b +8 > 2cd, which can be written as
2ab +da + db+ a® + b2 + * + d* + 4> 2cd
on acconnt of the condition a® + 5 + ¢+ d® = 4. By the identity
@+ b +2ab+4da+db+4=(a+b+2)?
we arrive at the equivalent and obvious inequality
(a+b+2)?+ (c—d)?>0.

The case of equality oceurs for

a+b= and d  together with  a® + 02 4 4 d¥ =

(Walther Janous) O

for instance when a = b
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Problem 4. Let ABCDE be a convez pentagon with five equal sides and right angles at C and D. Let
P denote the intersection point of the diagonals AC and BD.
Prove that the segments PA and PD have the same length.

(Gottfried Perz)

Solution. BCDE is a square since BO = OD = DE and BCLCD, CDLDE. Hence also the length
of the segment BE coincides with the side length of the pentagon ABCDE and we have BC LBE and
BELDE . Furthermore AB = AE = BE, hence ABE is an equilateral triangle. Now we have

ZCBA = LCBE + ZEBA = 90° + 60° = 150°,
ZAED = ZAEB + ZBED = 60° +90° = 150°.
Since AB = BC = DE = EA the isosceles triangles ABC and AED are congruent. We get

ZBAC = LACB = /DAE = ZEDA = M =15

Since every diagonal in a square bisects the right angles in its endpoints, we have

ZADP = Z/EDB — ZEDA = 45° — 15° = 3('
£PAD = /BAE — /BAC — ZDAE = 60° — 2 15° = 30°.

Hence ADP is an isosceles triangle with base AD and it follows that PA

(Gotifried Perz) O
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Problem 3. Consider arrangements of the numbers 1 through 64 on the squares of an 8 x 8 chess board,
where cach square contains exactly one number and each number appears ezactly once.

A number in such an arrangement is called super-plus-good, if it is the largest number in its row
and at the same time the smallest number in its column.

Prove or disprove cach of the following statements:

(a) Each such arrangement contains at least one super-plus-good number.

(b) Each such arrangement contains af most one super-plus-good number.

(Gerhard J. Woeginger)

Solution. () This is wrong. For example, one might place the numbers from 1 to § along the main

diagonal and the numbers from 57 to 64 along the secondary

1
15

64

9
2

2R5E8N

10
16
3
29
35
62
46
52

11
17
23

4
61
a1
a7
53

12
18
24
60
5
42
48
54

13
19
59
30
36
6
49
55

onal:
u 57
58 20
25 26
31 32
37 38
43 4
7 50
56 8.

Therefore the numbers from 1 to 8 are column minima, whereas the numbers from 57 to 64 are
row maxima. Therefore, no number is at the same time column minimum and row maximum, so

no number is super-plus-good.

(b) This s true. Denote the number in the ath row and bth column by F(a, b). Assume that there exist
two super-plus-good numbers, and let (i, j) and (r. s) be the coordinates of these two numbers.
Since all numbers are different, the row maxima and column minima are unique. Therefore no
row and no column may contain more than one super-plus-good mumber, o i # r and j # s must

hold. Then

F(i.j) > Fi.s)
FG.j) < F(r.5)
Flr,s) > F(r.j)
Flr,s) < Fli.s)

(because F(i, j) is row maximum),

(because F(i, ) is column minimum),

(because F(r, s
(because F(r, s

row maximum),

column um).





image34.png
These four inequalities lead to the following contradiction:
FG.3) > Flis) > () > F(r.d) > FGi.d).

(Gerhard J. Woeginger) O
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Problem 1. Determine all triples (a,b,c) of positive integers satisfying the conditions
ged(a,20) = b, Ul
ged(b,15)=c  and (1)
ged(a,c) (un)

(Richard Henner)

Solution. We use equations (1) und (I1) in order to eliminate b and ¢ as follows:

ged(a, ged(ged(a, 20), 15))

—  ged(a,a,20,15)

5 o gd@5)=5 < 5|a

Furthermore we determine b and ¢ from (1) and (I1): (1) yields b € {5,10,20}. More specifically we have

b=5for a being odd, b =10 for a = 2mod 4 and b= 20 for a = 0 mod 4. In all three cases ¢ = 5

follows from (I1)

In total the solutions form the set {(20¢,20,5), (20f — 10,10,5), (10¢ — 5,5.5)| ¢ is a positive integer}.
(Walther Janous, Gerhard Kirchner) O





